Abstract. We completely classify Legendrian realisations of the Hopf link, up to coarse equivalence, in the 3-sphere with any contact structure.
Introduction
When we speak of a Hopf link in this paper, we shall always mean an ordered link K 0 ⊔ K 1 in the 3-sphere S 3 , made up of oriented unknots forming a positive Hopf link, that is, K 1 is isotopic in The main result of this paper is the classification, up to coarse equivalence, of all Legendrian realisations of the Hopf link in S 3 with any contact structure. For a brief introduction to the theory of Legendrian knots, i.e. knots tangent to a given contact structure, see [15, Chapter 3] or the beautiful survey by Etnyre [11] . The latter discusses the classification of Legendrian knots and covers a wide range of applications of Legendrian knot theory not only to contact geometry (e.g. surgery along Legendrian knots, invariants of contact structures), but also to general topology (e.g. plane curves, knot concordance, topological knot invariants).
Very little is known about the classification of Legendrian links (with more than one component). When Etnyre wrote his survey on Legendrian and transverse knots in 2005, the results about Legendrian links could be summarised on two pages. Since then, only a small number of classification statements on Legendrian links in the standard tight contact structure ξ st on S 3 or in other tight contact 3-manifolds have been added to the literature, e.g. [3, 4] . The present paper goes considerably beyond those results, both concerning the range of Legendrian realisations covered by the classification and the variety of methods used in the proof. Our main theorem is the first complete Legendrian classification of a topological link type that includes Legendrian realisations in overtwisted contact structures.
Legendrian knots in overtwisted contact structures fall into two classes, loose and exceptional. The latter can be divided into two subclasses. Definition 1.1. A Legendrian knot L in an overtwisted contact 3-manifold (M, ξ) is called exceptional if its complement (M \L, ξ| M\L ) is tight; the knot is called loose if the contact structure is still overtwisted when restricted to the knot complement.
An exceptional Legendrian knot is called strongly exceptional if the knot complement has zero Giroux torsion.
2010 Mathematics Subject Classification. 57M25; 53D35, 57M27, 57R17. H. G. is partially supported by the SFB/TRR 191 'Symplectic Structures in Geometry, Algebra and Dynamics', funded by the DFG; S. O. is partially supported by a Turkish Academy of Sciences TÜBA-GEBIP. 1 The notion of Giroux torsion and the related concept of twisting will be explained below. Previous classification results for exceptional Legendrian knots such as [18] confined attention to strongly exceptional realisations. One of the reasons for this restriction is that classification results for tight contact structures on the relevant knot complement typically tend to require, as in [7] , that the Giroux torsion be zero. One of the significant features of our classification of Legendrian Hopf links, by contrast, is the fact that it includes Legendrian realisations where the link complement may contain torsion without being overtwisted.
Here is our main result. As mentioned before, ξ st denotes the standard tight contact structure on S 3 . Besides this standard structure, there is a countable family of overtwisted contact structures ξ d : d ∈ Z + 1 2 , as we shall recall below. For the definition of the classical invariants tb (Thurston-Bennequin invariant) and rot (rotation number) of Legendrian knots, as well as other fundamentals of contact topology, the reader may refer to [15] . Our natural numbers N are the positive integers; N 0 includes zero. Theorem 1.2. Up to coarse equivalence, the Legendrian realisations of the Hopf link are as follows. In all cases, the classical invariants determine the Legendrian realisation.
(a) In (S 3 , ξ st ) there is a unique realisation for any combination of classical invariants (tb, rot) = (t i , r i ), i = 0, 1, in the range t 0 , t 1 < 0 and r i ∈ {t i + 1, t i + 3, . . . , −t i − 3, −t i − 1}.
For fixed values of t 0 , t 1 < 0 this gives a total of t 0 t 1 realisations. (b) For t 0 < 0 and t 1 > 0 the strongly exceptional realisations are as follows.
(b1) In (S 3 , ξ 1/2 ) there are realisations L 0 ⊔ L 1 made up of an exceptional Legendrian unknot L 1 with invariants (t 1 , r 1 ) = (n + 2, ±(n + 1)), where n ∈ N 0 , and a loose Legendrian unknot L 0 whose ThurstonBennequin invariant t 0 can be any negative number, and r 0 lies in the range {t 0 , t 0 + 2, . . . , t 0 − 2, −t 0 }.
For a given t 0 < 0, this gives us 2|t 0 − 1| realisations. (b2) In (S 3 , ξ 1/2 ) there are realisations L 0 ⊔ L 1 consisting of the exceptional Legendrian unknot L 1 with invariants (t 1 , r 1 ) = (1, 0) and a loose Legendrian unknot L 0 , where t 0 can be any negative number, and r 0 lies in the range {t 0 − 1, t 0 + 1, . . . , t 0 − 1, −t 0 + 1}.
For a given t 0 < 0, these are |t 0 − 2| realisations. (c) For t 0 , t 1 > 0 the strongly exceptional realisations are as follows.
(c1) There is a unique realisation in (S 3 , ξ 1/2 ) with (t i , r i ) = (1, 0), i = 0, 1. Both L 0 and L 1 are exceptional. (c2) There is a pair of realisations with (t 0 , r 0 ) = (2, ±3) and (t 1 , r 1 ) = (1, ±2) in (S 3 , ξ −1/2 ). There are three realisations with t 0 = 3 and t 1 = 1. Two of them with (t 0 , r 0 ) = (3, ±4) and (t 1 , r 1 ) = (1, ±2) live in (S 3 , ξ −1/2 ); the third one with (t 0 , r 0 ) = (3, 0) and (t 1 , r 1 ) = (1, 0) can be found in (S 3 , ξ 3/2 ).
There are four realisations with t 0 = t 1 = 2: two with r 1 = r 2 = ±3 in (S 3 , ξ −1/2 ), two with r 0 = r 1 = ±1 in (S 3 , ξ 3/2 ). In all cases, the individual link components are loose. (c3) For any t 0 ≥ 4 and t 1 = 1 there are four links realising these values of the Thurston-Bennequin invariants. For t 0 ≥ 3 and t 1 = 2 there are six realisations. The remaining invariants are listed in Table 2 in Section 9. The link components are loose. (c4) For each choice of t 0 , t 1 ≥ 3 there are eight realisations. In all cases both link components loose. The invariants are listed in Table 2 . (d) For t 0 = 0, there are two exceptional realisations with t 1 = m for each m ∈ Z. The rotation numbers are r 0 = ±1 and r 1 = ±(m − 1). The unknot L 0 is always loose; L 1 is loose for m ≤ 0, exceptional for m ≥ 1. (e) For each choice of integers (t 0 , t 1 ) = (±1, ±1) and natural number p there is exactly a pair of exceptional Legendrian Hopf links L 0 ⊔ L 1 , distinguished by the rotation numbers, with tb(L i ) = t i and with π-twisting in the link complement equal to p. For t 0 = t 1 = ±1, there is a unique realisation. The ambient contact structure is ξ 1/2 or ξ −1/2 . (f) For any choice of t 0 , r 0 , t 1 , r 1 ∈ Z with t i + r i odd, and for any
Explicit realisations will be exhibited below. Those examples will give us a complete list of the classical invariants that can be realised. Observe that exceptional realisations of the Hopf link exist only in the three overtwisted structures ξ ±1/2 and ξ 3/2 .
For easier navigation, here is a guide to the paper, indicating where each part of Theorem 1.2 will be proved. Part (a) about realisations in the tight contact structure, which was proved earlier in [3] , will be discussed in Section 4.
The classification of strongly exceptional realisations, parts (b) to (d), is achieved in Section 5, and this takes up the largest part of the paper. In Section 3 we determine the number of tight contact structures on the link complement as a function of the values t 0 , t 1 of the Thurston-Bennequin invariants, using results of Giroux [21] and Honda [24] . This gives an upper bound on the number of Legendrian realisations. We show that this bound is attained in all cases by exhibiting explicit realisations in contact surgery diagrams. This strategy was developed in [17] for the classification of Legendrian rational unknots in lens spaces.
The classification of the Hopf links with twisting in the complement, part (e), will be given in Section 7.4, based on the discussion in the preceding parts of Section 7. The necessary preparations to describe explicit realisations in this case are contained in Section 6, where we construct a couple of overtwisted contact structures on S 3 as contact cuts in the sense of Lerman [26] . We recover some results of Dymara [8] about exceptional realisations of the unknot in this model of S 3 , with considerably simplified arguments. Statement (f) about the classification of loose Legendrian Hopf links will be proved in Section 8.
Contact structures on S 3
Throughout we are dealing with (co-)oriented and positive contact structures on the 3-sphere S 3 , that is, tangent 2-plane fields ξ that are described as ξ = ker α with some globally defined 1-form α satisfying α ∧ dα > 0 with respect to the standard orientation of S 3 ⊂ C 2 . The standard contact structure
on S 3 is the unique tight contact structure, up to isotopy, on the 3-sphere. Furthermore, there is a countable family of overtwisted contact structures. Their classification up to isotopy coincides with their homotopy classification as tangent 2-plane fields.
There are two invariants that equally detect the homotopy class of an oriented tangent 2-plane field ξ on S 3 . The first one is the Hopf invariant h. The definition of this invariant presupposes that we fix a trivialisation T S 3 ∼ = S 3 × R 3 of the tangent bundle of S 3 . The Gauß map of ξ may then be regarded as a map S 3 → S 2 , which has a well-defined Hopf invariant h ∈ Z.
Alternatively, one may use the d 3 -invariant introduced by Gompf [22] , cf. [5, 23] . This can be computed from any compact almost complex 4-manifold (X, J) with boundary ∂X = S 3 such that the complex line T S 3 ∩ J(T S 3 ) in the tangent bundle T S 3 coincides with the oriented plane field ξ. According to [22, Thm. 4.16] , the d 3 -invariant is computed from this data as
where c 1 denotes the first Chern class, σ the signature, and χ the Euler characteristic of (X, J). Such an almost complex filling (X, J) of (S 3 , ξ) can always be found, and d 3 (ξ) is independent of the choice of filling. The d 3 -invariant can be defined more generally for any oriented tangent 2-plane field on any closed, oriented 3-manifold, provided the Euler class of ξ is torsion. Notice that the definition of d 3 (ξ) does not involve a choice of trivialisation of the tangent bundle of the 3-manifold in question.
For S 3 the d 3 -invariant takes values in Z + 1 2 , see [5, Remark 2.6 ]. Remark 2.1. Observe that the Hopf invariant h(ξ) does not depend on the choice of (co-)orientation of ξ, since composition with the antipodal map of S 2 does not change the Hopf invariant of a map S 3 → S 2 . The same is true for d 3 (ξ), since c 1 (X, J) = −c 1 (X, −J). This implies that on S 3 any oriented contact structure is (co-)orientation-reversingly isotopic to itself. For ξ st as in (1) such an isotopy is given by a rotation through an angle π in the x 1 x 2 -plane; this isotopy carries over to suitable surgery descriptions of the overtwisted contact structures.
We shall also need the following formula [5, Cor. 3.6] for the d 3 -invariant of a contact manifold (Y, ξ) with c 1 (ξ) torsion that is obtained by contact (±1)-surgery in the sense of [2] along the oriented components of a Legendrian link L = L + ⊔ L − , all of which have non-vanishing Thurston-Bennequin invariant. In this situation,
here q denotes the number of components of L + , and c ∈ H 2 (X) is the cohomology class determined by c( 
where sl(K) denotes the self-linking number of K.
Let L −1 be the standard Legendrian unknot in (S 3 , ξ st ) with tb(L −1 ) = −1 and rot(L −1 ) = 0. Its positive transverse push-off K −1 , by [15, Prop. 3.5 .36], has self-linking number
Write ξ −1 for the contact structure obtained by a Lutz twist along K −1 , so that h(ξ −1 ) = −1. According to [6] , performing a Lutz twist along K −1 has the same effect as contact (+1)-surgeries along L −1 and its Legendrian push-off with two additional negative stabilisations.
Thus, the linking matrix of this surgery diagram is
and the vector of rotation numbers equals rot = (0, −2) t . The number c 2 is computed as x t M x, where x is the solution of M x = rot. This yields c 2 = 0, and observing that σ = 0 and χ = 3 we find that the contact structure ξ −1 satisfies d 3 (ξ −1 ) = 1 2 , which verifies the lemma for ξ −1 . Similarly, we can find a Legendrian knot L 1 in (S 3 , ξ st ) with tb(L 1 ) = 1 and rot(L 1 ) = 0, e.g. a suitable Legendrian realisation of the right-handed trefoil knot [14, Figure 8 ]. Its positive transverse push-off K 1 has sl(K 1 ) = 1 − 0 = 1, so a Lutz twist along K 1 yields a contact structure ξ 1 with h(ξ 1 ) = 1. The corresponding surgery picture, by a computation analogous to the one above, allows us to compute
, which accords with our claim. Under the disjoint (and unlinked) union of copies of K −1 and K 1 , the selflinking number and hence the Hopf invariant of the contact structure obtained by Lutz twists is additive. The Lutz twists along such a disjoint union amounts to a connected sum of the contact manifolds obtained by individual Lutz twists. On the other hand, the d 3 -invariant of the connected sum of two contact structures ξ, ξ ′ on S 3 is given by 
There can be no confusion with the notation ξ ±1 , using the Hopf invariant, in the present section, since the values of the two invariants range over disjoint sets.
The link complement
The classification of tight contact structures on T 2 × [0, 1] is due to Giroux [21] and Honda [24] . In this section we use their results to find the number of tight contact structures on the complement of a Legendrian Hopf link L 0 ⊔ L 1 , in terms of the Thurston-Bennequin invariant of the link components.
We think of S 3 as being decomposed into two solid tori V 0 , V 1 , chosen as tubular neighbourhoods of L 0 , L 1 , respectively, and a thickened torus T 2 × [0, 1], i.e.
We write µ i , λ i for meridian and longitude on ∂V i , and we take the gluing in the decomposition above to be given by
we can choose V i as a standard neighbourhood of L i , meaning that ∂V i is a convex surface with two dividing curves of slope 1/t i with respect to the identification of ∂V i with
we measure slopes on the T 2 -factor with respect to (µ 0 , λ 0 ). This means that in the described situation we are dealing with a contact structure on T 2 × [0, 1] with convex boundary, two dividing curves on either boundary component, of slope s 0 = 1/t 0 on T 2 ×{0}, and of slope s 1 = t 1 on T 2 ×{1}. Recall that a contact structure on T 2 × [0, 1] with these boundary conditions is called minimally twisting if every convex torus parallel to the boundary has slope between s 1 and s 0 .
The following proposition covers all possible pairs (t 0 , t 1 ), possibly after exchanging the roles of L 0 and L 1 .
Proposition 3.1. Up to an isotopy fixing the boundary, the number N = N (t 0 , t 1 ) of tight, minimally twisting contact structures on T 2 × [0, 1] with convex boundary, two dividing curves on either boundary component of slope s 0 = 1/t 0 and s 1 = t 1 , respectively, is as follows.
(a1) If t 0 , t 1 < 0, excluding the case t 0 = t 1 = −1, we have N = t 0 t 1 .
(a2) If t 0 = t 1 = −1, there is a unique structure up to diffeomorphism, and an integral family (distinguished by a holonomy map) up to isotopy. 
Proof. In all cases, we need to normalise the slopes by applying an element of Diff
such that the slope on T 2 ×{0} becomes s ′ 0 = −1, and on T 2 × {1} we have s
, the number N is found from a continuous fraction expansion
with all r i < −1 as
The vector x y stands for the curve xµ 0 + yλ 0 , with
This means
If t 1 ≤ −2, this is a continued fraction expansion [t 0 − 1, t 1 ] as required by [24] , and by (4) we have N = t 0 t 1 . If t 1 = −1, but t 2 ≤ −2, we have the continued fraction expansion s (b1) Using the transformation as in (a), we find the same s (5), but this is not, as it stands, a continued fraction expansion of the required form. From the continued fraction expansion
].
By (4) this yields N = 2|t 0 − 1|. (b2) In this case the transformed slope is s ′ 1 = t 0 − 2, so the continued fraction expansion is [t 0 − 2], giving us |t 0 − 2| structures by (4) .
(c) We consider the transformation
This gives
which is smaller than −1 for t 0 ≥ t 1 > 0, except in the cases (t 0 , t 1 ) = (1, 1) and (t 0 , t 1 ) = (2, 1), when s 
by (6) , which by (4) yields N = 2 · 2 = 4.
For t 0 ≥ 3 and t 1 = 2 we find
In order to verify this continued fraction expansion, one may observe that
which is easily proved by induction. Given this expansion for s ′ 1 , with (4) we obtain N = 2 · 3 = 6.
(c4) The formula (7) can be generalised to
It is then straightforward to verify that
With (4) this yields
(d1) For t 0 = 0 and t 1 > 0 we use the transformation
giving us
by (6) , and hence N = 2 by (4).
(d2) For t 0 = 0 and t 1 < 0, the transformation
gives us s 
Once again, this yields s There is also a notion of torsion for contact structures, introduced by Giroux [19, 20] . Let (M, ξ) be a contact 3-manifold and [T ] an isotopy class of embedded 2-tori in M . Then the π-torsion (or simply torsion) of (M, ξ) is the supremum of n ∈ N 0 for which there is a contact embedding of
into (M, ξ), with T 2 × {z} being sent to the class [T ]. As explained in [25, p. 86] , the twisting of a contact structure on T 2 × [0, 1] equals its torsion with respect to the class [T 2 × {z}]. For the computation of the torsion, it is assumed that the characteristic foliation on the boundary tori is a non-singular foliation of some rational slope; the twisting is computed for a convex boundary with dividing curves of the same slope, obtained by a slight perturbation of the boundary tori.
The following isotopy classification can be found in [24, Theorem 2.2]. The diffeomorphism classification for s 1 = −1 can be deduced from the explicit description of these structures in [24, Lemma 5.2] . The fact that in all other cases there are two structures even up to diffeomorphism is a consequence of having two Legendrian realisations of Hopf links whose complement has such boundary data, see Section 7.
Proposition 3.2. Up to an isotopy fixing the boundary, the number of tight contact structures on T 2 × [0, 1] with convex boundary, two dividing curves on either boundary of slope s 0 = −1 and s 1 ≤ −1 and positive twisting n ∈ N, equals two for each n. Up to a diffeomorphism fixing the boundary, the number is likewise two, except in the case s 1 = −1, when it equals one. Remark 3.3. The two contact structures with a given positive twisting and the same boundary data differ only by the choice of coorientation. For s 1 = −1, a diffeomorphism changing the coorientation is given by
By transforming the slopes as in the proof of Proposition 3.1, we see that Proposition 3.2 applies likewise to contact structures with positive twisting and any combination of boundary slopes s 0 = 1/t 0 and s 1 = t 1 .
Hopf links in (S
The classification of Legendrian Hopf links in the tight contact structure ξ st on S 3 , up to Legendrian isotopy, was carried out in [3] as part of a more general study of Legendrian cable links. As shown there, these links are classified by their classical invariants, and the range of these invariants is the same for each component as for a single Legendrian unknot, i.e. the Thurston-Bennequin invariants of the two components can be any pair of negative integers, and for tb(L i ) = −m the rotation number of L i can take any value in the set Here is an alternative proof of this result. For given values of t 0 , t 1 < 0, we have t 0 t 1 explicit realisations in (S 3 , ξ st ), which is the maximal number possible by Proposition 3.1 (a). There are no realisations in (S 3 , ξ st ) with one of the t i being non-negative, since Legendrian unknots in (S 3 , ξ st ) satisfy tb < 0 by the Bennequin inequality [15, Theorem 4.6 .36]. Also, there are no realisations with twisting in the complement, since this would force the corresponding contact structure on S 3 to be overtwisted.
This proves part (a) of Theorem 1.2.
Strongly exceptional Hopf links
In this section we classify the Legendrian realisations of the Hopf link in overtwisted contact structures whose link complement is tight and minimally twisting. 5.1. Kirby moves. We begin with some examples of Kirby diagrams of the Hopf link that will be relevant in several cases of this classification. Figure 2 is a positive or negative Hopf link in S 3 , depending on n being even or odd.
(ii) The same is true for the link shown in the first line of Figure 5 . 
n odd n even Figure 2 . Kirby diagram of a Hopf link I.
Computing the invariants.
We are going to describe Legendrian realisations L 0 ⊔ L 1 of the Hopf link in (S 3 , ξ d ) as front projections in a contact surgery diagram for this contact manifold. Here we briefly summarise how to compute the classical invariants in this setting.
We number the Legendrian knots in the contact surgery diagram as K 1 , . . . , K n and choose auxiliary orientations on them. Write M for the corresponding linking matrix, with the diagonal entries given by the topological surgery framing. Given the presentation of a Legendrian knot L i in the surgery diagram, we form the extended linking matrix 
Alternatively, one can keep track of the contact framing of L i during the topological Kirby moves that turn the given surgery diagram into the empty diagram, and L 0 ⊔ L 1 into the standard Hopf link in this empty diagram for S 3 .
Rotation number.
By rot i we denote the rotation number of L i before the surgery. Write rot = rot(K 1 ), . . . , rot(K n ) for the vector of rotation numbers of the surgery knots, and Figure 6 . Kirby diagram of a Hopf link V.
for the vector of linking numbers. Then, again by [27, Lemma 6.6], the rotation number rot(L i ) of L i after the surgery is
In order to compute the d 3 -invariant with formula (3), we need to read off c 2 , σ and χ from the surgery diagram. Each surgery knot corresponds to the attaching of a 2-handle, hence the Euler characteristic of the handlebody is χ = 1 + n.
The signature σ can be determined as the signature of the linking matrix M . More topologically, one can determine σ from the Kirby moves for showing that the surgery diagram actually gives a description of S 3 . These Kirby moves involve handle slides and the blowing down of (±1)-framed unknots. The signature σ equals the number of these blow-downs, counted with sign, minus the number of (±1)-framed unknots that may have been introduced into the Kirby diagram to replace twisting boxes.
The computation of c 2 has been explained in [5] . Find the solution vector x of the equation M x = rot; then c 2 = x t M x = x, rot .
Detecting exceptional links.
In order to decide whether a Legendrian knot presented in a contact surgery diagram of (S 3 , ξ) is exceptional, we first need to verify that the ambient contact structure ξ is overtwisted. If the d 3 -invariant differs from that of the standard structure ξ st , that is, if d 3 (ξ) = − Secondly, we need to establish that the contact structure on the link complement
The method we use is to perform contact surgeries on L 0 and L 1 , perhaps also on Legendrian push-offs of these knots, such that the resulting contact manifold is tight. If there had been an overtwisted disc in the complement of L 0 ⊔ L 1 , this would persist after the surgery.
Here we always employ the cancellation lemma from [2] , cf. [15, Proposition 6.4.5], which says that a contact (−1)-surgery and a contact (+1)-surgery along a Legendrian knot and its Legendrian push-off, respectively, cancel each other. Thus, if by contact (−1)-surgeries along L 0 and L 1 we can cancel all contact (+1)-surgeries in the surgery diagram, and thus obtain a Stein fillable and hence tight contact 3-manifold, the Legendrian Hopf link will have been exceptional. In fact, in this case there is also no torsion in the complement, so the link is strongly exceptional.
Exceptional unknots.
The individual components L 0 , L 1 of an exceptional Hopf link may be exceptional or loose. Which of the two cases occurs for either component can be decided by referring to the classification of exceptional unknots due to Eliashberg and Fraser [10] , cf. [17] , which we recall here.
Theorem 5.2 (Eliashberg-Fraser).
Exceptional unknots can only be realised in the contact structure ξ 1/2 on S 3 . Up to coarse equivalence, they are classified by their classical invariants, which can take the values (tb, rot) = (n, ±(n − 1)), n ∈ N.
5.5. Legendrian realisations. We now turn our attention to Legendrian realisations of the Hopf link in terms of Legendrian surgery diagrams. The invariants of these realisations are collected in Table 2 in Section 9.
5.5.1. Case (b1). As we shall explain, Figure 7 shows the 2|t 0 − 1| Legendrian realisations of the Hopf link with t 0 < 0 and t 1 ≥ 2. The numbers k, ℓ ∈ N 0 may be chosen subject to the condition −t 0 = k + ℓ, and n ∈ N 0 is determined by t 1 = n + 2. This gives |t 0 − 1| choices for the pair (k, ℓ). Topologically, the diagram in Figure 7 is the one shown in Figure 2 . Hence, for n even a positive Hopf link is realised when L 0 and L 1 are both oriented clockwise or both anticlockwise; for n odd one has to orient one of the two knots clockwise, the other anticlockwise. In either case, this gives a factor 2 in the number of realisations. The linking matrix M (n) of the surgery diagram, when we order the n+1 surgery knots from top to bottom and orient all of them clockwise, is the ((n + 1) × (n + 1))-matrix
As shown in [17, Section 9.1], the determinant of this matrix is det
By expanding this matrix along the first row and column, we find det M
When L 0 is oriented clockwise, we have rot 0 = ℓ − k. The first row of M −1 is
The vector of rotation numbers of the surgery curves is rot = (1, 0, . . . , 0) t , and the vector of linking numbers of L 0 with the surgery curves is lk = (0, . . . , 0, −1)
t . With (9) this yields
The invariants of L 1 have been computed in [17, Section 9.1]. With the orientation that makes L 0 ⊔ L 1 a positive Hopf link (clockwise for n even, counterclockwise for n odd; see Lemma 5.1 (i)), the invariants are
The surgery diagram is equivalent to surgery along n + 1 unlinked (−1)-framed unknots. This gives σ = −(n + 1) and χ = n + 2, as can be seen from Figure 2 . Moreover, the vector x = M −1 rot is the first column (or row) of M −1 , hence c 2 = x t M x = x, rot = −(n + 1). Putting this into formula (3) gives d 3 (ξ) = 1/2. The knot L 1 is one of the exceptional unknots in S 3 described earlier in [10] (see Theorem 5.2) and, in terms of surgery diagrams, in [17] ; observe that contact (−1)-surgery along L 1 cancels the single contact (+1)-surgery, and hence produces a tight contact 3-manifold. The knot L 0 is loose, since by Theorem 5.2 there are no exceptional realisations of the unknot with these invariants. Figure 3] .) The knot L 0 is loose, since by Theorem 5.2 there is no exceptional realisation of the unknot with negative tb.
The same arguments, with the same surgery picture, apply when k + ℓ = 1, which gives the subcase (t 0 , t 1 ) = (0, 1) of (d). For k = ℓ = 0 we obtain case (c1). The only difference with (b2) is that now L 0 is also exceptional, since it is simply a parallel copy of L 1 .
Case (c2).
The two realisations with (t 0 , t 1 ) = (2, 1) will be described in Section 7.4.1. The three realisations with (t 0 , t 1 ) = (3, 1) are shown in Figure 9 Figure 11 , where n ∈ N 0 , shows the four realisations with t 0 ≥ 4 and t 1 = 1. The computation of the invariants can be found in Section 9. By Lemma 5.1 (ii) we need to give L 0 and L 1 the same orientation in the plane for n even; for n odd, the opposite one.
Case (c3).
The six realisations with t 0 ≥ 3 and t 1 = 2 are shown in Figure 12 , again with n ∈ N 0 ; the invariants are listed in Table 2 . For n odd, L 0 and L 1 are given the same orientation, for n even, the opposite one. The computation of the invariants is analogous to the other cases. We omit the details. 5.5.5. Case (c4). The eight realisations for each choice of t 0 , t 1 ≥ 3 are shown in Figure 13 , where n, m ∈ N 0 . The Kirby moves showing that these diagrams do indeed depict a Hopf link are similar to those in Figure 2 . For n + m even, one needs to give L 0 and L 1 the same orientation, for n + m odd, the opposite one. By tracking the contact framing of L 0 and L 1 through these Kirby moves one finds that t 0 = n + 3 and t 1 = m + 3. The remaining calculations of the invariants, listed in Table 2 , are analogous to the other cases.
Remark 5.3. Beware that there is no direct correspondence between the four diagrams in Figure 13 and the four subcases of (c4) listed in Table 2 . Rather, the correspondence hinges on the parity of m and n. For instance, the realisations with
2 are given by the first diagram (from the left) for m, n even, by the second for n even and m odd, the third for n odd and m even, and the fourth if both n and m are odd. The same caveat applies in the case (c3).
Case (d)
. This is the case with t 0 = 0. Exceptional Legendrian realisations of the Hopf link with t 1 ≤ 0 are shown in Figure 14 , where n ≥ 2. For the computation of the invariants see Section 9. The link components are loose by Theorem 5.2. Examples with t 1 ≥ 2 are realised by Figure 7 with k = ℓ = 0; all the arguments from case (b1) apply likewise for this choice of k, ℓ. Figure 8 from case (b2) with (k, ℓ) ∈ {(1, 0), (0, 1)} gives the realisations with t 1 = 1. 5.5.7. Summary. In Table 5 .5.7 we arrange the strongly exceptional cases from Table 2 with t 0 , t 1 ∈ N a little more systematically. In the second line there also belongs the case with (t i , r i ) = (2, ±1). 
Contact structures on S 3 as contact cuts
In order to classify Legendrian Hopf links in S 3 where the contact structure on the complement has non-zero twisting, it is useful to describe certain contact structures on S 3 as contact cuts in the sense of Lerman [26] . This construction (without a reference to Lerman) was used in [8] These contact forms are invariant under the S 1 -actions generated by ∂ x and ∂ y . Along {z = 0}, the vector field ∂ x is contained in ker α p ; along {z = 1}, we have ∂ y ∈ ker α p . By the contact cut construction [ 6.1. A transverse Hopf link. We begin with a topological preparation. The circles
and
/ ∼, which we continue to denote by C 0 , C 1 . See Figure 15 , where T 2 is illustrated as (R/Z) 2 . On the back face of the cube [0, 1] 3 the horizontal segments are collapsed; on the front face, the vertical ones. 
with S 1 -valued coordinates q 1 , q 2 on T 2 = (R/2πZ) 2 , Cartesian coordinates p 1 + ip 2 on C \ {0}, and polar coordinates (r i , ϕ i ) on the last two C-factors. Define a 1-form
on W . Notice that the first two summands of α define the canonical Liouville 1-form on T 2 × C, regarded as the unit cotangent bundle of T 2 . The 2-form ω = dλ is a symplectic form on W .
The vector field
is a Liouville vector field for ω, i.e. L Y ω = ω. The vector fields
are Hamiltonian vector fields for ω, corresponding to the Hamiltonian functions p i − r The Hamiltonian T 2 -action generated by (X 1 , X 2 ) has the momentum map
The level set µ −1 (0, 0) is regular, hence a 6-dimensional manifold, and the induced T 2 -action on this manifold is free. A transversal to the T 2 -action on µ −1 (0, 0) is defined by
This shows that the reduced manifold µ −1 (0, 0)/T 2 is the symplectic manifold
The Liouville vector field Y is tangent to the level set µ −1 (0, 0) and descends as a Liouville vector field Y to the symplectic quotient C 2 . On the hypersurface
which is a diffeomorphic copy of S 3 transverse to Y , this Liouville vector field induces a contact form defining ξ st .
The C-component −∂ ϕi of X i defines a free S 1 -action, except at the origin r i = 0. It follows that one equally obtains the contact structure ξ st on S 3 from the contact manifold p
with contact form p 1 dq 1 + p 2 dq 2 , by taking the quotient of the boundary components {p 1 = 0}, {p 2 = 0} under the S 1 -action defined by ∂ q1 and ∂ q2 , respectively. This is exactly the description of the contact structure on S 3 as a quotient of T 2 × [0, 1], α 0 given before Proposition 6.1, and hence proves part (i) of that proposition.
6.3.
A global frame. In order to determine the contact structures ker α p on S 3 for p ≥ 1, and for computing the classical invariants of Legendrian and transverse knots in these contact structures, we now exhibit a global frame for the contact planes ker α p on S This frame does not, however, descend to S 3 . The differential of α p is
so the frame ∂ z , X p is positive for the orientation of ker α p defined by this 2-form. Whenever we speak of a frame for ker α p , this orientation assumption will be understood.
Remember that at z = 0, where X p = ∂ x , we collapse the x-circles in T 2 . Figure 16 shows such a circle, with the z-direction pointing to the exterior. Performing the cut is topologically the same as filling in the circle with a disc. So the frame that extends is the one that does not rotate as one goes along the circle, for instance (12) cos(2πx) ∂ z − sin(2πx) X p and sin(2πx) ∂ z + cos(2πx) X p .
At z = 1 we collapse the y-circles. Here X p equals −∂ y or ∂ y , depending on p being even or odd. Arguing as above, while observing that ∂ z now points into the 2-disc over which we want to extend the frame, we find that we may work with the frame The extendability of the frames (12) and (13) is not affected if we rotate the first one along the y-direction, or the second one along the x-direction. This proves the following lemma. 
This vector field descends as the Reeb vector field of the contact form on S 3 obtained via the cut construction.
As in Section 2 we normalise the Hopf invariant h such that h(ker α 0 ) = h(ξ st ) = 0, in other words, we compute the Hopf invariant of the Gauß map of a tangent 2-plane field with respect to the trivialisation of the tangent bundle T S 3 defined by R 0 , X The preimage R −1 1 (s) of a regular value s ∈ S 2 is a collection of circles, oriented in such a way that the transverse orientation coincides with the orientation of S 2 .
Lemma 6.5. The values ±X 0 2 ∈ S 2 are regular for the map R 1 :
;
Proof. From (14) it is clear that the preimages R −1
2 ), as sets, are the described circles. To find the orientation of these circles, one considers the behaviour of R 1 along a small meridional circle of γ ± . For γ + , at a point on this meridional circle where z < 1/2, the vector field R 1 has a positive R 0 -component; for z > 1/2 a negative one. For z = 1/2 and x + y a little larger (resp. smaller) than 1, the vector field R 1 has a negative (resp. positive) X First proof of Proposition 6.1. By pushing γ − to z = 0 and γ + to z = 1, we see that the oriented link γ − ⊔ γ + is isotopic to
For the α p with p > 1 one can argue similarly, but see also the alternative proof below.
For the second proof of Proposition 6.1 we compute the self-linking number of the transverse unknots C 0 , C 1 . Lemma 6.6. The self-linking number of the transverse unknot
Proof. The self-linking number sl(K) of a homologically trivial transverse knot K is computed as the linking number lk(K, K ′ ) with a push-off K ′ in the direction of a non-vanishing section of the contact structure (over a Seifert surface of K if the contact structure is not globally trivial as a 2-plane bundle).
From this one finds the claimed self-linking number as the intersection number of the push-off C Along C 1 we have
and one then computes similarly.
Second proof of Proposition 6.1. We already know that ker α 0 = ξ st , with Hopf invariant h(ker α 0 ) = 0. The contact structure ker α p+1 on S 3 is obtained from ker α p by a π-Lutz twist along C 1 . As in the proof of Lemma 2.2 this yields h(ker α p+1 ) = h(ker α p ) + sl ker αp (C 1 ) = h(ker α p ) + (−1)
p .
With Lemma 6.6 we find h(ker α p ) = 0 for p even, and h(ker α p ) = −1 for p odd. Proposition 6.1 now follows with Lemma 2.2.
Hopf links with twisting complement
We now describe Legendrian Hopf links in S 3 equipped with one of the contact structures ker α p from Section 6. As we shall see, any Hopf link whose complement has positive twisting can be accounted for in this way. 
These examples were first described by Dymara [8] , who computed their classical invariants from a generalised front projection.
Examples of Hopf links.
Given p ∈ N 0 and a ∈ Z, let z a ∈ (0, 2 2p+1 ) be the unique number such that
If p = 0 we assume in addition that a < 0, so that z a ∈ (0, 1) in this case, too. The Legendrian knot β 0 := β a,1 + , corresponding to this choice of z, i.e. β 0 (t) = (at, t, z a ), is isotopic to C 0 .
Observe that the slope of the characteristic foliation T 2 × {z} ker αp decreases monotonically from 0 to −∞ and then from ∞ to 0 as z goes from 0 to 2 2p+1 . Hence, any parallel copy β 0,z : t → (at, t, z) of β 0 with 0 < z < z a is positively transverse to ker α p , see Figure 17 . For z = 0, this curve coincides with C 0 in S 3 . This means that any such parallel curve constitutes the positive transverse push-off of β 0 and is transversely isotopic to C 0 .
Figure 17. β 0,z is positively transverse to ker α p for z < z a .
In a completely analogous fashion, given b ∈ Z, let z b ∈ (1 − 2 2p+1 , 1) be the unique number such that
Again, for p = 0 we have to assume b < 0. The Legendrian knot
+ is isotopic to C 1 . Any parallel copy t → (t, bt, z) with z b < z < 1 is positively resp. negatively transverse to ker α p , depending on p being even or odd, and transversely isotopic to C 1 . When z a < z b , the link β 0 ⊔ β 1 constitutes a positive Hopf link in (S 3 , ker α p ). Figure 18 illustrates that for a, b > 0 we need to have p ≥ 2 to achieve z a < z b . For a, b < 0 we can take any p ∈ N 0 . In all other cases, any p ≥ 1 will do. . But the link β z0 ⊔ β z1 is transverse to ker α 1 , and transversely isotopic to C 0 ⊔ C 1 , whose complement is tight.
Computing the twisting.
We now want to show that if we take the minimal p in the above construction, i.e. p ∈ {0, 1, 2} depending on the values of a and b, the complement of β 0 ⊔ β 1 in (S 3 , ker α p ) will be minimally twisting. We consider the case a, b > 0 and p = 2 illustrated in Figure 18 . The other cases are analogous.
First of all, we observe that we have a canonical identification of S 3 \ (β 0 ⊔ β 1 ) with T 2 × (0, 1) as in Section 3, given by identifying the first S 1 -factor of T 2 with a meridian of β 0 , and the second S 1 -factor with a meridian of β 1 . This gives us a well-defined notion of twisting of a contact structure on this link complement as a positive real number, not just an integer, cf. the discussion in [24, Section 2.2.1].
The thickened torus
, where ε > 0 is chosen sufficiently small, lies in the complement of β 0 ⊔ β 1 . The twisting of ker α p on this thickened torus is greater than π/2, but smaller than π. (In particular, it is minimally twisting in he sense of [24] .)
Arguing by contradiction, we assume that S 3 \(β 0 ⊔β 1 ), ker α 2 is not minimally twisting. Under the canonical identification of the complement of a small open tubular neighbourhood of β 0 ⊔ β 1 with T 2 × [0, 1], the boundary slope is close to 1/a at z = 0 and close to b/1 at z = 1. Hence, if T 2 ×[0, 1] is not minimally twisting, it will have twisting larger than 3π/2. Indeed, we find two embedded convex tori (in the isotopy class of T 2 × { * }) of slope 0 and slope −∞, respectively, bounding a thickened torus of twisting 3π/2, see [24, Corollary 4.8] and cf. Figure 18 .
Again, this thickened torus of twisting 3π/2 would persist in the complement of a tubular neighbourhood of C 0 ⊔ C 1 . In the tubular neighbourhood of C 0 we find a convex torus with slope −1/n for n ∈ N sufficiently large, in the same isotopy class as the other 2-tori we are considering in S 3 \ (C 0 ⊔ C 1 ). Similarly, near C 1 we find such a convex torus with slope −m for m ∈ N sufficiently large. So the slope would have to decrease from −1/n to 0 via −∞ and then, after twisting by 3π/2, from ∞ to −m. This would add up to a twisting of more than 5π/2, which is impossible.
Proof of Theorem 1.2 (e).
We now provide details of the exceptional Legendrian Hopf links where the contact structure on the link complement has positive twisting. All claims follow from the preceding discussion. Together with Proposition 3.2, which gives an upper bound on the number of such realisations, this constitutes a proof of Theorem 1.2 (e). The following three cases cover all eventualities, possibly after exchanging the roles of L 0 and L 1 .
7.4.1. t 0 , t 1 > 0. Here the π-twisting in the complement equals p − 2. For p ≥ 2 even, we have the two realisations with (tb, rot) equal to t 0 , ±(t 0 + 1) and t 1 , ±(t 1 + 1) in ξ −1/2 .
For p ≥ 3 odd, we can realise t 0 , ±(t 0 − 1) and t 1 , ∓(t 1 − 1) in ξ 1/2 .
For t 0 = t 1 = 1, this is only a single realisation. From Figure 18 one sees that each individual component β 0 , β 1 is loose, since the contact planes twist by more than π in its complement. For instance, in the complement of β 1 in (S 3 , ker α 2 ) we have the overtwisted disc
The case p = 2 coincides with the corresponding subcases in the classification of strongly exceptional Hopf links. 7.4.2. t 0 , t 1 < 0. The invariants in this and the third case below are the same as in the first case. The only difference is that here the π-twisting in the complement equals p, and one may consider any p ≥ 0. For p = 0, one obtains a realisation in the tight ξ st ; for p ≥ 1 the two link components are loose. For p ≥ 0 even and t 0 = t 1 = −1, there is only one realisation. 7.4.3. t 0 ≤ 0, t 1 ≥ 0. Here the twisting is p − 1, and one may consider any p ≥ 1. The components β 0 , β 1 are loose, except for the unknot β 1 in the case p = 1 and t 1 ≥ 1, which is exceptional by [8, Proposition 5.5] . (Beware that Dymara's notational conventions differ from ours.)
The latter case coincides with the corresponding examples in Section 5, as one can see by looking at the invariants in Table 2 . For t 0 = 0 we are in case (d). For t 0 < 0 and t 1 = 0 we are in case (d) with the roles of L 0 and L 1 exchanged. For t 0 < 0 and t 1 = 1 we obtain examples from case (b2). For t 0 < 0 and t 1 ≥ 2, one finds the same examples in case (b1): when n is even, take k = −t 0 and ℓ = 0; when n is odd, choose ℓ = −t 0 and k = 0.
Loose Hopf links
In this section we prove part (f) of Theorem 1.2. As shown in [12] , the classification of loose Legendrian knots in any contact 3-manifold reduces to a homotopical question, see also [16] . However, rather than relying on this general theory, which would have to be adapted to links, we shall give an ad hoc proof that relies on the topology of the link complement in our situation. , r 0 , t 1 , r 1 ) for the classical invariants, subject only to the condition that t i + r i be odd, i = 0, 1.
Start with any topological Hopf link in (S 3 , ξ d ) with overtwisted complement. Construct a loose Legendrian Hopf link as a C 0 -approximation of this topological Hopf link; such an approximation exists by [15, Theorem 3.3.1] . Also, the components of this Legendrian Hopf link will satisfy the parity condition on tb + rot, since this is a general phenomenon in contact 3-manifolds, see [15, Remark 4.6.35] .
By stabilising the components of this Hopf link, one can increase or decrease the rotation number in steps of 1, while decreasing the Thurston-Bennequin invariant by 1 with each stabilisation. This is a local process and preserves the overtwisted disc in the complement. In this way, we can find a loose Legendrian realisation which has the correct values r 0 , r 1 of rotation numbers.
We can always decrease the value of tb of a Legendrian knot in steps of 2, while keeping rot unchanged, by adding further pairs of positive and negative stabilisations.
In an overtwisted contact 3-manifold one can find a loose Legendrian unknot K 1,0 with tb(K 1,0 ) = 1 and rot(K 1,0 ) = 0, by forming the connected sum of two Legendrian knots bounding an overtwisted disc (with opposite orientations), see [15, p. 317] .
The connected sum of a Legendrian knot L with K 1,0 can be performed in such a way that the topological knot type and rot(L) remain unchanged, and such that tb(L) increases by 2; again, see [15, p. 317] . In this way, we can adjust our Legendrian Hopf link so that it also has the correct values t 0 , t 1 of ThurstonBennequin invariants (and remains loose). 
The Thurston-Bennequin invariant measures the twisting of the contact framing relative to the surface framing. These invariants being equal for L i and L 
We need to show that the contact structures ξ d and φ
are diffeomorphic rel boundary (perhaps for a slightly 'thinner' U ). By Eliashberg's classification [9] of overtwisted contact structures, see also [15, Section 4.7] and the work of Borman-Eliashberg-Murphy [1] , it suffices to show that ξ d and φ 3. That is, the first S 1 -factor of T 2 defines a meridian of L 0 , the second factor a meridian of L 1 . As before, we write the coordinates on T 2 × [0, 1] as x, y ∈ R/Z and z ∈ [0, 1].
As an abstract 2-plane bundle over S 3 , the contact structure ξ d is trivial, since its Euler class is zero. This allows us to choose an orthonormal frame X 1 , X 2 , X 3 for the tangent bundle of S 3 , with respect to an auxiliary Riemannian metric, with X 1 , X 2 a positive frame for ξ d , and X 3 positively orthonormal to it. Likewise, we choose such an orthonormal frame X
By writing the vectors in this second frame in terms of X 1 , X 2 , X 3 we define a map Φ : S 3 → SO(3). We first look at a closed tubular neighbourhood νL 0 of L 0 , contained in U . This may be chosen as a standard neighbourhood with convex boundary. In particular, we find a Legendrian longitude L 0 on the boundary ∂(νL 0 ) that is Legendrian isotopic to L 0 . This can easily be seen in a model
for νL 0 , where the longitude L 0 in question is defined by
The linking number of L 0 with L 0 in S 3 equals tb(L 0 ). On νL 0 , the contact structures ξ d and φ Proof. The restriction of Φ to the path t → (0, 0, t), t ∈ [0, 1], in T 2 × [0, 1] defines a loop in SO(3) based at id R 3 . Since π 1 (SO(3)) = Z 2 , this may or may not be trivial. If it is not, we add a full twist to the frame X 3 rel boundary, we may assume that the two frames coincide along the described path.
The restriction of Φ to the cylinder x = 0, y ∈ S 1 , z ∈ [0, 1] , sliced open along the path we just discussed, defines an element of π 2 SO(3) = 0. Thus, after yet another homotopy rel boundary we may assume that Φ = id R 3 also on this cylinder. The same argument applies to the cylinder x ∈ S 1 , y = 0, z ∈ [0, 1] . We have now achieved that Φ equals the constant map to id In particular, this means that we have homotoped φ 
Some computations
In this section we collect the computations of the classical invariants for some of the examples in Section 5.5. The surgery knots in the diagrams are ordered from top to bottom and oriented clockwise for the purpose of computing linking and rotation numbers. The results of all computations are collected in Table 2. 9.1. For the diagram on the right of Figure 9 , the vector rot of rotation numbers is the zero vector, so the computation simplifies and yields rot(L 0 ) = rot(L 1 ) = 0. The signature of M is zero. This can be seen from the Kirby diagram in Figure 4 . Simply count how many (±1)-framed unknots are left after all blow-downs, minus those introduced to replace the twisting boxes. There are four 2-handles, hence χ = 5. For the diagram on the left, the solution x of M x = rot is x = (−4, 2, 2, 2) t ; on the right, x is the zero vector. This gives c 2 = −8 in the first and c 2 = 0 in the second case, resulting in the values of d 3 listed in Table 2 . The contact structure described by the surgery diagram on the left is the overtwisted structure ξ −1/2 (rather than ξ st , which also has d 3 = − The Legendrian Hopf link L 0 ⊔L 1 is exceptional, since contact (−1)-surgery along L 0 and contact (−1)-surgery along L 1 and two Legendrian push-offs of L 1 leads, by the cancellation lemma, to the empty diagram, that is, (S 3 , ξ st ). The individual components L 0 , L 1 are loose, however, since there are no exceptional unknots in (S 3 , ξ −1/2 ) or (S 3 , ξ 3/2 ). The same arguments apply to the examples in Figure 10. 9.2. Figure 11 . Here we only collect the data the reader needs to verify our claim about the invariants in this case listed in Table 2 . As linking matrix M we take the one given by ordering the surgery curves from top to bottom, all oriented clockwise. The signature of this matrix is σ = −n − 1. This can be read off from the Kirby moves as explained in the previous example. The Euler characteristic is χ = n + 6. Rather than computing the Thurston-Bennequin invariants of L 0 and L 1 from the extended linking matrices, one can simply keep control over the contact framing during the Kirby moves described in Figures 5 and 2 . We find tb(L 0 ) = n + 4 and tb(L 1 ) = 1.
For the figure on the left, the vector x with M x = rot is 9.3. 
